The main purpose of this paper is to construct generating functions for some families of Genocchi type polynomials. By applying the derivative operator to these generating functions, we define a function which interpolates these polynomials at negative integers. Among other results, we prove a multiplication theorem for these polynomials. Furthermore, we give several other identities and applications associated with these and related polynomials and their interpolation functions.
so that, obviously, the classical Bernoulli polynomials B n (x), the classical Euler polynomials E n (x) and the classical Genocchi polynomials G n (x) are given, respectively, by
n (x) , E n (x) := E (1) n (x) and G n (x) := G (1) n (x) (n ∈ N 0 ) . (1.4) For the classical Bernoulli numbers B n , the classical Euler numbers E n and the classical Genocchi numbers G n of order n, we have
n (0) , E n := E n (0) = E (1) n (0) and G n := G n (0) = G (1) n (0) , (1.5) respectively. By comparing the definitions (1.2) and (1.3), it is easily observed that the following relationship holds true:
n− (x) n, ∈ N 0 ; 0 n (1. 6) or, equivalently,
between the Genocchi polynomial of order and the Euler polynomial of order n − . Obviously, therefore, we have the following relationships:
n, ∈ N 0 ; 0 n (1. 8) and
between the Genocchi number of order and the Euler number of order n − . Furthermore, upon setting = 1 in (1.8) and (1.9), we obtain G n = n E n−1 (n ∈ N) and E n = 1 n + 1 G n+1 (n ∈ N 0 ) , (1.10) which relate the Genocchi numbers G n with the Euler numbers E n . Moreover, we have the following well-known relationships:
G 0 = 0, G 1 = 1, G 2n+1 = 0 (n ∈ N) and G 2n = 2 1 − 2 2n B 2n = 2nE 2n−1 (n ∈ N 0 ) (1.11) between the Genocchi numbers G n , the Bernoulli numbers B n and the Euler numbers E n .
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The history of the Euler numbers E n and the Genocchi numbers G n can be traced back, respectively, to Leonhard Euler (1707-1783) in the sixteenth century and Angelo Genocchi (1817-1889) in the nineteenth century. From Euler and Genocchi to the present time, these numbers have been investigated rather extensively in many different contexts and ways. Along with the Bernoulli numbers and Bernoulli polynomials, each of these numbers and polynomials plays an important rôle in such branches of Mathematics as, for instance, Number Theory and Finite Differences. Moreover, motivated essentially by the potential for applications of these numbers and their generating functions, several generalizations and unifications as well as basic (or q-) extensions of these three families of polynomials and numbers have been investigated rather extensively by many authors in the existing literature on this subject (see, for details, [51] [52] [53] [54] [55] [57] [58] [59] [60] ). For the sake of completeness, here we choose to recall some of these most recent developments involving the aforementioned generalizations and unifications of these three families of polynomials and numbers.
First of all, as already asserted by Lemmas 2, 3 and 4 in [32, 46] , the mutual relationships among the families of the generalized Apostol-Bernoulli polynomials B (α) n (x; λ), the generalized Apostol-Euler polynomials E (α) n (x; λ) and the generalized Apostol-Genocchi polynomials G (α) n (x; λ) can be appropriately exploited with a view to translating various formulas and theorems involving one family of these generalized polynomials into the corresponding results involving each of the other two families of these generalized Apostol type polynomials. Nevertheless, one can find it to be useful to investigate properties and results involving these three families of generalized Apostol type polynomials in a unified manner. In fact, the following interesting unification (and generalization) of the generating functions of the three families of Apostol type polynomials (with α = 1) was recently investigated rather systematically by Ozden et al. (cf. [37, p. 2779 , Equation (1.1)]):
where (just as in the earlier works [32, 46] ) we have not only suitably relaxed the constraints on the parameters κ, a and b, but we have also strictly determined the open disk in the complex z-plane (centred at the origin z = 0) within which the generating function in (1.12) is analytic in order to have the corresponding convergent Taylor-Maclaurin series expansion (about the origin z = 0) occurring on the right-hand side (with a positive radius of convergence). The generalized Apostol type polynomials
of (real or complex) order α are defined by means of the following generating function (see, for details, [32, 46] ; see also [1] ): 13) so that, by comparing the definition (1.13) with those of the above-mentioned polynomials, we have
n (x; −λ; 0; 1) , (1.14)
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The relationships (1.14) to (1.17) 
n (x; λ), but indeed also the generating functions of their special cases B (α)
The following natural generalization and unification of the Apostol-Bernoulli polynomials B (α) n (x; λ) of order α as well as the generalized Bernoulli numbers B n (a, b) studied by Guo and Qi [6] and the generalized Bernoulli polynomials B n (x; a, b) studied by Luo et al. [33] was introduced and investigated recently by Srivastava et al. [52] :
Subsequently, Srivastava et al. [54] 
In their special case when 
or, equivalently, by 
and the generalized Apostol-Euler type polynomials
are related to the generalized Apostol-Genocchi type polynomials
as follows:
The inter-relationships asserted by Lemmas 1 and 2 do aid us in translating the various properties and results involving anyone of these three families of generalized Apostol type polynomials in terms of the corresponding properties and results involving the other two families of generalized Apostol type polynomials. Nonetheless, it would occasionally seem to be more appropriately convenient to investigate these three families in a unified manner as proposed recently by Srivastava 
so that, by comparing the definition (1.26) with the definitions (1.13), (1.18), (1.19) and (1.20), we obtain the following interesting (and potentially useful) relationships:
n (x; λ; 1, e, e; μ; ν) , (1.27)
and
We remark in passing that, as observed earlier by Srivastava [46, p. 434 ], the definitions (1.13) and (1.26) above provide us with remarkably powerful and extensive generalizations of the various families of the Apostol type polynomials and Apostol type numbers. Properties and results involving each of these generalizations deserve to be investigated further (see also [32, 37, 52, 54] ).
We now turn to the Genocchi polynomials G n (x) defined by the generating function (1.3) when α = 1 and the Genocchi numbers G n defined by the generating function (1.3) when α = 1 and x = 0. It is easily seen from the generating function (1.3) that
which, upon setting α = 1, yields the following special case:
Moreover, for the Genocchi numbers G n , by using the umbral calculus convention in the generating function (1.3) with α = 1 and x = 0, we have the following recurrence relations:
where G n is to be replaced by G n (see also [10] [11] [12] 16, 17, 20, 39, 42, 44] ). As we have already indicated above, Luo et al. ([33, 34] ; see also [6] ) considered generalizations of the Bernoulli polynomials and the Euler polynomials depending on three real parameters. Their generalizations correspond essentially to the special cases of the definitions (1.18) and (1.19) of Srivastava et al. (see [52, 54] ) when α = λ = 1. The main motivation of the present work is to investigate the analogous generating functions for the Genocchi type numbers and polynomials depending similarly on three real parameters, which are derivable by similarly specializing the generating function (1.20) of Srivastava et al. [54] when α = λ = 1. Here, in our present investigation, we construct interpolation functions of these three-parameter Genocchi type numbers and polynomials. We also prove several (presumably new) relations and properties associated with these numbers and polynomials and their associated interpolation functions.
Genocchi type numbers and Genocchi type polynomials
In this section, we begin by introducing the Genocchi type numbers G n (a, b) by means of the following special case of (1.20) when α = λ = 1 and x = 0.
Definition 1 Let a, b, c ∈ R
+ (a = b) and n ∈ N 0 . Then the Genocchi type numbers G n (a, b) are defined by the following generating function:
Clearly, we have
in terms of the classical Genocchi numbers G n . By using the generating function (2.1) and the umbral calculus convention, we obtain
which, after some calculations, yields the following recurrence relations for the Genocchi type numbers G n (a, b):
In particular, the first few Genocchi type numbers are given by
Lemma 3 Each of the following relationships holds true:
Proof First of all, we find from the generating function (2.1) that
which, upon comparing the coefficients of t n n! on both sides, leads us to the first assertion (2.3) of Lemma 3. Next, by applying the generating function (2.1) once again, we have
By using the Cauchy product of two series in (2.5), we obtain
which, by comparing the coefficients of t n n! on both sides, yields the second assertion (2.4) of 
Clearly, by comparing Definitions 1 and 2, we get the following relationships:
Furthermore, in terms of the generalized Apostol-Bernoulli type polynomials 
Proof By using Definition 2, we have
which, in light of the Cauchy product of two series, yields
By comparing the coefficients of t n n! on both sides of (2.10), we easily arrive at the desire result (2.8).
Next, if we substitute from (2.3) and (2.4) into (2.8), after some elementary calculations, we arrive at the identity (2.9) asserted by Theorem 1.
The assertion (2.9) of Theorem 1 immediately yields the following corollary.
Corollary 1 Let a, b, c ∈ R + (a = b). Then the following relationship holds true:
where G n denotes the classical Genocchi numbers and the multinomial coefficient
By applying Theorem 1, we easily get
We now find from the generating function (2.6) in Definition 1 that
From this last series identity (2.14), and also by similarly using the generating function (2.6), we obtain the following result. 
Corollary 2 Let a, b, c ∈ R + (a = b). Then the following relationships hold true:
G n (x + y; a, b, c) = 2n(x ln c) n−1 + n k=0 n k (y ln c) n−k − (ln a) n−k − (ln b) n−k G k (x; a, b, c),(2.
15)
Next we return to the generalized Apostol-Genocchi polynomials
of (real or complex) order α defined already by (1.20) above, which (in the special case when λ = 1) would reduce immediately to the generalized Genocchi type polynomials G so that, obviously, we have
The following general multiplication theorem for the Apostol-Genocchi type polynomials 
it being understood conventionally that
Proof By setting α = 1 and c = b in the generating function (1.20), we have
If we appropriately use the case
of the following finite geometric series:
on the right-hand side of (2.23), we find that
We now make use of the generating function (1.20) once again on the right-hand side of (2.24). We thus obtain
which, upon equating the coefficients of t n n! on both sides, yields
The assertion (2.21) of Theorem 2 would now follow immediately from (2.25) upon replacing x by mx (m ∈ N) on its both sides.
Two interesting special cases of Theorem 2 are worthy of note here. First of all, if we set λ = 1 and let m ∈ N be an odd integer, we get Corollary 3 below. Secondly, by also applying the first relationship in (2.7), Corollary 4 below would result as a special case of Theorem 2 when λ = 1 and m ∈ N is assumed to be an even integer.
Corollary 3 Let m ∈ N be an odd integer. Suppose also that a, b ∈ R + (a = b). Then the following multiplication theorem holds true:
under the convention described in (2.22) .
Corollary 4 Let m ∈ N be an even integer. Suppose also that a, b ∈ R + (a = b). Then, under the convention described in (2.22) , the following multiplication theorem holds true:
where B n (x; a, b, c) denotes a special case (when α = λ = 1) of the generalized ApostolBernoulli polynomials
which are defined by the generating function in (1.18).
By applying the generating function (1.20) in a manner analogous to that described above, we can easily prove the following result for the generalized Apostol-Genocchi polynomials
Theorem 3 Let α, β, λ ∈ C and a, b, c ∈ R + (a = b). Then the following relationships hold true:
Remark 2 In its special case when λ = 1, Theorem 3 immediately yields Corollary 5 below for the generalized Genocchi type polynomials
by means of the relationship (2.20).
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Corollary 5 Let α, β ∈ C and a, b, c ∈ R + (a = b). Then each of the following relationships holds true:
Remark 3 By applying the various relationships asserted by Lemmas 1 and 2, it is not difficult to deduce numerous further properties and results for the generalized Apostol-Genocchi polynomials G
(α)
n (x; λ; a, b, c) (α ∈ C), and hence also for the generalized Genocchi type polynomials
from those involving the generalized Apostol-Bernoulli polynomials
and generalized Apostol-Euler polynomials
each of which were extensively investigated by (for example) Srivastava et al. ( [46, 52, 54] ; see also [48] ).
The alternating sums of powers of natural numbers
In terms of the classical Bernoulli polynomials B n (x) and the classical Bernoulli numbers B n , the following sum of powers of natural numbers is well known (see, for example, [47, p. 60, Equation 1.6(17)]):
Here, in this section, we propose to develop a closed-form expression for the corresponding alternating sum of powers of natural numbers in terms of the Genocchi type numbers G n (a, b.c) and the Genocchi type polynomials G n (x; a, b.c), which are defined by the generating functions (2.1) and (2.6), respectively.
Theorem 4
The following alternating sum of powers of natural numbers holds true:
Upon expressing the factor
in a series form, if we write exponential series for all of the resulting exponential factors collected together in (4.1), we deduce from (4.1) that
Finally, upon equating the coefficients on both sides of this last equation (4.2), we are led easily to Theorem 5 below. Alternatively, of course, Theorem 5 can be proven by considering (4.1) as the Taylor-Maclaurin series expansion of the function on the right-hand side of (4.1) in powers of t about t = 0, that is, by evaluating the nth derivative at t = 0 as follows:
In either of these two alternative derivations of Theorem 5, the constraint imposed upon the parameter λ can be waived by means of the principle of analytic continuation. 
(λ ∈ C; ∈ N 0 ; 0 n).
In its special case when λ = = 1, Theorem 5 immediately yields the following corollary.
Corollary 6
The following relationship holds true for a, b, c ∈ R + (a = b): By setting s = −n (n ∈ N) in the equations (4.5), (4.6) and (4.7) of Definition 3, and using Theorem 5 as well as Corollary 6, we arrive at the following consequences involving the desired interpolation functions for the generalized Apostol-Genocchi type polynomials G ( ) n (x; λ; a, b, c) , the Genocchi type polynomials G n (x; a, b, c) and the Genocchi type numbers G n (a, b) on C.
Theorem 6 Each of the following relationships holds true:
and 11) which follows immediately from the relationship (1.24) in the special case when α = ( ∈ N 0 ) , the assertion (4.8) of Theorem 6 is essentially equivalent to a known result due to Srivastava et al. [52, p. 257, Theorem 5] . In fact, the assertion (4.8) of Theorem 6 can be suitably specialized to deduce several interesting results including, for example, (4.9) and (4.10). Moreover, in view of the relationship:
the assertion (4.10) of Theorem 6 is an obvious special case of the assertion (4.9) of Theorem 6. 
Further remarks and observations
and (see, for example, [45, p. 81, Equation We conclude our present investigation by remarking that the existing literature contains several interesting generalizations and extensions of the Hurwitz-Lerch zeta function (z, s, a) (see, for example, [3, 4, 23, 24, 48, 55, 56] as well as the references to closely-related investigations which are cited in each of these earlier works). In fact, the interpolation function [55] ).
